Abstract. The regular subspaces of a Dirichlet form are the regular Dirichlet forms that inherit the original form but possess smaller domains. The two problems we are concerned are: (1) the existence of regular subspaces of a fixed Dirichlet form, (2) the characterization of the regular subspaces if exists. In this paper, we will first research the structure of regular subspaces for a fixed Dirichlet form. The main results indicate that the jumping and killing measures of each regular subspace are just equal to that of the original Dirichlet form. By using the independent coupling of Dirichlet forms and some celebrated probabilistic transformations, we will study the existence and characterization of the regular subspaces of local Dirichlet forms.
Introduction
Let E be a locally compact separable metric space, m a Radon measure fully supported on E, then L 2 (E, m) is a Hilbert space. A non-negative definite symmetric bilinear form E with domain F densely defining on L 2 (E, m) is called a Dirichlet form and denoted by (E, F ) if it is closed and Markovian. (T t ) t>0 , (G α ) α>0 are its semigroup and resolvent. Define:
We then denote the space of all real continuous functions on E by C(E) and its subspace of continuous functions with compact support (resp. bounded continuous functions, one order continuous differentiable functions with compact supports, the continuous functions which converge to zero at infinite) by C c (E) (resp. C b (E), C 1 -norm and dense in C c (E) with uniform norm. A core of E is by definition a subset C of F ∩ C c (E) such that C is dense in F with E 1 2 1 -norm and dense in C c (E) with uniform norm. We refer the definitions of standard core and special standard core to §1.1 of [8] . The 1-capacity of regular Dirichlet form (E, F ) is always denoted by Cap, see(2.1.2) and(2.1.3) of [8] . An increasing sequence {F k , k ≥ 1} of closed sets of E is an E-nest if ∪ k≥1 F F k is E 1 2 1 -dense in F where F F k := {f ∈ F : f = 0 m-a.e. on F k }. A subset N of E is E-polar if there is an E-nest {F k , k ≥ 1} such that N ⊂ ∩ k≥1 (E \ F k ). A statement depending on x ∈ A is said to hold E-quasi-everywhere (E-q.e. in abbreviation) on A if there is an E-polar set N ⊂ A such that the statement is true for every x ∈ A \ N . A function f on E is said to be E-quasi-continuous if there is an E-nest {F k , k ≥ 1} such that f | F k is finite and continuous on F k for each k ≥ 1, which will be denoted in abbreviation as f ∈ C({F k }). In fact, a set N is E-polar if and only if N is of zero 1-capacity, i.e. Cap(N ) = 0. An increasing sequence of closed sets {F k } is an E-nest if and only if lim k→∞ Cap(K \ F k ) = 0 for any compact set K ⊂ E. If there is no confusion with the fixed regular Dirichlet form (E, F ), for convenience we drop "E-" from the terminology, then "E-polar", an "E-nest" and "E-quasi-continuous" will simply be called polar, a nest and quasi continuous respectively. We call an increasing sequence {F k } of closed sets a Cap-nest if lim k→∞ Cap(E \ F k ) = 0. Any Cap-nest is a (E-)nest but not vice versa. However, a function f is quasi continuous if and only if there is a Cap-nest {F k } such that f ∈ C({F k }), i.e. f | F k is finite and continuous on F k for each k ≥ 1. By Theorem 2.1.7 of [8] , any function u ∈ F admits a quasi continuous versionũ, i.e.ũ is quasi continuous andũ = u m-a.e.
For an m-measurable function u, the support supp[|u| · m] of the measure |u| · m is simply denoted by supp [u] . We say that (E, F ) possesses the local property if E(u, v) = 0 for any u, v ∈ F with disjoint compact supports. Moreover (E, F ) is called strongly local if E(u, v) = 0 for any u, v ∈ F with compact supports and v is constant on a neighbourhood of supp [u] . For more details, see [8] .
The basic concept of this paper is the regular subspace of a Dirichlet form.
Definition 1.1. Let (E, F ), (E ′ , F ′ ) be two regular Dirichlet forms on L 2 (E, m), we say (E ′ , F ′ ) is a regular subspace of (E, F ) if
We denote it by (E ′ , F ′ ) ≺ (E, F ) or just E ′ ≺ E for simple. If in addition F ′ = F , (E ′ , F ′ ) is said to be a proper subspace of (E, F ). If Y and Z are the corresponding Hunt processes of (E, F ) and (E ′ , F ′ ), we say Z is an R-subprocess of Y and denote it by Z ≺ Y . Remark 1.2. Let (E ′ , F ′ ) ≺ (E, F ) and Cap, Cap ′ the 1-capacity of (E, F ), (E ′ , F ′ ) respectively. Clearly Cap ′ (A) ≥ Cap(A), for any A ⊂ E by the definition of 1-capacity. Hence any E ′ -polar set is also E-polar, any E ′ -(resp. Cap ′ -)nest is also E-(resp. Cap-)nest and any E ′ -quasi-continuous function is also E-quasi-continuous.
Two problems that we are concerned in this paper are the existence of regular subspaces and the characterization of regular subspaces if they exist for a fixed regular Dirichlet form. These problems were raised firstly in [6] which showed that all regular subspaces of one-dimensional Brownian motion can be achieved by a time change of additive functional firstly and a spatial transform secondly. It is a pity that they hold only for one-dimensional local cases, in other words, the diffusions on R, due to the method used in that paper, see [7] .
The structure of this paper is as follows. We will first research the structure of regular subspaces for a fixed Dirichlet form. In §2.1, we will prove that the jumping and killing measures of every regular subspace are just equal to that of the original Dirichlet form, see Theorem 2.1. In §2.2, we will discuss several probabilistic transformations such as time changes, killing and resurrected transformations. It is shown that if (Ẽ,F ) is a regular Dirichlet form which is transformed from another one, say (E, F ), then every regular subspace of (Ẽ,F ) can be produced by the same transformation on some regular subspace of (E, F ). If (E, F ) and (Ẽ,F ) have the above relationship, we say that they are two Dirichlet forms with the same structure of regular subspaces. These transformations are powerful tools to deal with what we are concerned. For example, the killing part of a Dirichlet form doesn't play a role in generating a regular subspace, we could always assume that it has no killing inside (by a resurrection if necessary), see §2.2.4. On the other hand, by spatial homeomorphic transformation and time changes, we can easily extend the results of one-dimensional Brownian motion to one-dimensional diffusions. This is the main topic of [7] , see Example 2.15.
In §3, we will study the regular subspaces of a local Dirichlet form. By introducing the independent coupling of Dirichlet forms, we will prove that the associated Dirichlet forms of multidimensional Brownian motions always have proper regular subspaces. On the other hand, the corresponding R-subprocesses of multidimensional Brownian motions may be acted as the independent products of R-subprocess of one-dimensional Brownian motion, see Proposition 3.2 and Theorem 3.4. In §3.3, we will extend the similar results to the planar reflecting and absorbing Brownian motion on any domain of R 2 by using the transformation method introduced in §2.2. It indicates that the associated Dirichlet forms of absorbing or reflecting Brownian motions on any planar domains always possess the same structure of regular subspaces. In addition, the associated Dirichlet forms of the reflecting and absorbing Brownian motions on arbitrary domains of R d always possess proper regular subspaces not only for the two dimensional cases, see §3.4. At last, we will also prove that the uniform-ellipticity-type strongly local Dirichlet forms on arbitrary domains always possess proper regular subspaces, see Proposition 3.11.
Structure of regular subspaces
In this section, we will research the structure of regular subspaces. We first conclude that the jumping and killing measures of every regular subspace are equal to that of the original Dirichlet form. Then we will discuss several probabilistic transformations which could become powerful tools to deal with what we concerned about some specific Dirichlet forms.
2.1.
Jumping and killing measures of regular subspaces. The following theorem gives a basic property about regular subspaces that the jumping and killing measures of regular subspace must be the same as that of the original Dirichlet form. This is the essential reason for Theorem 4.1(1) of [7] which is just the diffusion cases.
Let us first review the Beurling-Deny formulae 1 which state that any regular Dirichlet form (E, F ) on L 2 (E, m) can be expressed for any u, v ∈ F as follows:
where E (c) is a symmetric form, satisfying the strongly local property and Markovian property 2 , J is a symmetric positive Radon measure on the product space E × E off the diagonal d called the jumping measure and k is a positive Radon measure on E called the killing measure. They both charge no set of zero capacity, i.e. if A is measurable and Cap(A) = 0, then k(A) = 0, J(A × E) = 0. Note that the following equation is satisfied:
for any u, v ∈ F ∩ C c (E) with disjoint supports. The triple (E (c) , J, k) is uniquely determined by E and we call it the Beurling-Deny triple.
We refer the definitions of the energy measure µ <u> as well as its strongly local part measure µ (µ which is a bounded signed measure. We then have
for any f ∈ F ∩ C c (E).
<u,v> is defined similarly as(2.3) with respect to (E ′ , F ′ ).
Proof. We first prove the "if" part. Note that the quasi-continuous versions of an appropriate function for E and E ′ are different, but for any u, v ∈ F ′ ∩ C c , it is easy to verify that E(u, v) = E ′ (u, v) under these assumptions. We only need to prove
′ by using polarization formula). For any u ∈ F ′ , as E ′ is regular there exists a sequence {u n } ⊂ F ′ ∩ C c such that
We only need to prove
because of (2.1). Then we can deduces from (2.4) that
<u,v> by using the regularity of (
As E ′ is regular, F ′ ∩ C c is dense in C c . Then one can easily check that
On the other hand, for any two disjoint compact sets K 1 , K 2 , one can find two sequences of relatively compact open sets {G
. Then a simple argument gains directly that J = J ′ . We now prove k = k ′ . For any relatively compact open set G, there exists u ∈ F ′ ∩C c such that u| G ≡ 1. In fact, we can choose a function u 0 ∈ C c (E), such that u 0 |Ḡ 2. Since F ∩C c (E) is dense in C c (E) with uniform norm, for ε small enough there exists u 0,ε ∈ F ∩C c (E) such that u 0 −u 0,ε < ε. Let ϕ ε (t) := t−(ε∧t)∨(−ε), and ψ(t) := (0∨t)∧1, which are normal contractions. It is easy to check that u = ψ(ϕ ε (u 0,ε )) ∈ F ∩ C c (E) and equals to 1 onḠ. Let v be any function in
and
As we have proved J = J ′ , it follows from (1.1) and (2.1) that
. By using the regularity of E ′ , it is easy to get k = k ′ which completes the proof.
The following corollaries are interesting and not difficult to verify.
If the jumping part or killing part of (E, F ) does not disappear, it also does not disappear for that of (E ′ , F ′ ).
Proof. Clearly (1)(2) and (4) hold by Theorem 2.1.
That completes the proof.
Before showing another corollary, we should give some necessary statements about the Lévy-type Dirichlet forms. A Lévy-type Dirichlet form on L 2 (R d , dx) is generated by a symmetric convolution semigroup {ν t , t > 0} on R d . Its corresponding Markov process is just the so-called symmetric Lévy process. The celebrated Lévy-Khinchin formula under the symmetric assumption reads as follows:
where
S is a non-negative definite d × d symmetric matrix and j is a symmetric Radon measure on
whereû means the Fourier transform of u. Note that the symmetric convolution semigroup, as well as the regular Dirichlet form, are characterized by the pair (S, j).
The strongly local part of (E, D[E]) which is determinate by S is:
and the jumping part can be rewritten as
Of course E = E S +E j . On the other hand, as S is a non-negative definite symmetric matrix there exists an orthogonal matrix P , i.e. P ′ = P −1 , such that
(2.10) It is just the diagonalization of S with the rank r and λ 1 , · · · , λ r are its positive eigenvalues, i.e. λ i > 0 for any 1 i r. Note that S = 0 means r ≥ 1. For any
hence,
is a non-pure-jumping Lévy-type Dirichlet form, i.e. the scatter coefficient S = 0 and (
mustn't be purejumping type, in other words, the strongly local part of (E ′ , F ′ ) never disappears.
Proof. Suppose that (E, F ) is just the Lévy Dirichlet form (2.7) such that S = 0, i.e. r ≥ 1 and (
and hence ∂ϕ ∂y1 = 0, a.e. Note that ∂ϕ ∂y1 is the weak derivative of ϕ.
, and write ψ(y) :
. By the definition of weak derivative,
Because ϕȳ(y 1 )ψ ′ 1 (y 1 )dy 1 is continuous with respect toȳ and
). It follows from Lemma 3.31 and Corollary 3.32 of [1] that ϕȳ(y 1 ) is independent of y 1 . But ϕȳ is continuous, hence ϕȳ(y 1 ) ≡ const. for eachȳ and we have
) with uniform norm. We then conclude that (E ′ , F ′ ) mustn't be pure-jumping type.
Probabilistic transformations. An m-measurable set
e for any f ∈ L 2 (E) and t > 0. A Dirichlet form with semigroup (T t ) t>0 is called m-irreducible if every (T t )-invariant set A is m-trivial, i.e. m(A) = 0, or m(E\A) = 0. In this section we will discuss several celebrated probabilistic transformations.
.Ê is another topological space and there exists a homeomorphism mapping j : E →Ê. ThenÊ is also a locally compact separable metric space. Setm := m • j −1 which is a Radon measure fully supported onÊ. Definê
, (E, F ) and (Ê,F) be above.
m). (2) (Ê,F ) is irreducible if and only if (E, F ) is irreducible. (3) B is E-polar if and only ifB
Proof. The proofs of (1)(3) are trivial and we omit them. For (2) we need only to prove that if A is (E, F )-invariant,Â = j(A) is (Ê,F )-invariant. This can be checked by Propsiotion 2.1.6 of [5] and for anyû ∈F ,
Proposition 2.5. (E, F ) and (Ê,F ) are two Dirichlet forms with the same structure of regular subspaces with respect to the spatial homeomorphic transformation
Proof. Note that j is reversible. So the conclusions are trivial because (
Combining with Lemma 2.4(2), we have
2.2.2.
Time changes with full quasi support. Assume that (E, F ) is a regular Dirichlet form on L 2 (E, m) and X is its corresponding Hunt process. Denote the set of Radon smooth measures on E with full quasi support by S E . Let µ ∈ S E , (A t ) t≥0 its corresponding positive continuous additive functional and (τ t ) t≥0 the inverse of (A t ) t≥0 . Then the time-changed process (X τt ) t≥0 is µ-symmetric and its Dirichlet form (Ě,F ) on L 2 (E, µ) can be presented aš
where F e is the extended space of (E, F ). Moreover (Ě,F ) is regular as µ is Radon and its extended spaceF e = F e . Note that the quasi-notions (nests, polar sets and quasi-continuous functions) of (E, F ) and (Ě,F ) are equivalent. We denote (Ě,F ) by µ(E, F ) if µ ∈ S E . The above procedures are reversible because m is a Radon smooth measure with quasi support E with respect to (Ě,F ). In other words, (E, F ) = m(Ě,F ). SimilarlyŠ E (resp. S ′ E ) represents the set of all Radon smooth measures on E with full quasi support with respect to (Ě,F ) (resp. (E ′ , F ′ ) which is another Dirichlet form).
Proof.
(1) The second assertion follows directly from the first one. For the first one, the if part is because
The only if part is obvious by the definition of extended space.
(2) By Remark 1.2, any Cap ′ -zero-capacity set is also of Cap-zero-capacity. As µ is Radon and smooth with respect to (E, F ), µ is also smooth with respect to (E ′ , F ′ ). It suffices to prove that the quasi support of µ with respect to (E ′ , F ′ ) is E. As µ ∈ S E , it holds that u = 0 µ-a.e. if and only if u = 0 E-q.e. for any E-quasi continuous function u ∈ F by Theorem 3.3.5 of [5] . For any E ′ -quasi continuous v ∈ F ′ , it also holds that v ∈ F and v is E-quasi continuous. Therefore if v = 0 µ-a.e., then u = 0 E-q.e, and hence also m-a.e. But v is E ′ -quasi continuous, we have v = 0 E ′ -q.e. On the other hand, it follows from v = 0 E ′ -q.e. and µ ∈ S E that v = 0 µ-a.e. In other words, v = 0 µ-a.e. if and only if v = 0 E ′ -q.e for any E ′ -quasi continuous function v ∈ F ′ . Hence µ ∈ S Proposition 2.9. If (E, F ) is a regular Dirichlet form on L 2 (E, m) and µ ∈ S E , then (Ě,F ) = µ(E, F ) has the same structure of regular subspaces as (E, F ) with respect to µ in the meaning that for any
Proof. Clearly m ∈Š E , hence it follows from Lemma 2.
As
. By the similar method, it is easy to check that if another ( 
k -polar (resp. E k -nest, E k -quasi-continuous) are equivalent. Moreover, any special standard core of (E, F ) remains to be a special standard core of (E k , F k ). The opposite procedure is called "resurrection". Let (E, F ) be a regular Dirichlet form on L 2 (E, m) with killing measure k = 0. For any u, v ∈ F e , define
and m k := m + k where (E (c) , J, k) is the Beurling-Deny triple of (E, F ). Then it follows from
that (E res , F ) is a regular Dirichlet form on L 2 (E, m k ). Let (E res , F res e ) be the extended Dirichlet space of (E res , F ). Define
then (E res , F res ) is the so-called resurrected Dirichlet form of (E, F ) which has no killing inside. It is regular on L 2 (E, m) and shares the same E-quasi notions with (E, F ). Moreover any special standard core of (E, F ) is a core of (E res , F res ). Note that the extended Dirichlet space of (E res , F res ) on L 2 (E, m) is just (E res , F res e ). For more details, see 5, 8. Killing and resurrected transformations are reciprocal in the following sense: for a regular Dirichlet form with no killing inside, kill it firstly by a Radon smooth measure and then resurrect. The final Dirichlet form is the same as the original one. On the contrary, for a regular Dirichlet form with killing measure k = 0, resurrect it firstly and then kill it by k. The final Dirichlet form is also the same as the original one.
We are now ready to prove that the killing and resurrected transformations are both equivalent relationships between Dirichlet forms, in the meaning that they have the same structures holding regular subspaces between the transformed Dirichlet form by killing or resurrection and the original Dirichlet form. The following lemma is trivial and we omit its proof.
and k is a Radon smooth measure with respect to (E, F ), then k is also a Radon smooth measure with respect to (E ′ , F ′ ).
Lemma 2.12.
The following assertions about the irreducibility hold.
(1) Let (E, F ) be a regular Dirichlet form on L 2 (E, m) with no killing inside and k a Radon smooth measure on E. Then the perturbed Dirichlet form (E k
. By Proposition 2.1.6 of [5] and
This shows that u ∈ F ∩ C c (E) implies 1 B · u ∈ F and
From this equation and the regularity of (E, F ), we can deduce that u ∈ F implies 1 B · u ∈ F and
(2) They are just the former conclusions in an opposite direction.
Proposition 2.13. The following conclusions about the structure of the regular subspaces hold.
(1) Let (E, F ) be a regular Dirichlet form on L 2 (E, m) with no killing inside and k a Radon smooth measure on E, then the perturbed Dirichlet form (E k , F k ) and (E, F ) are two Dirichlet forms with the same structure of regular subspaces with respect to k in the meaning that, for any (
is the perturbed Dirichlet form of (E, F ) with respect to k. (2) If (E, F ) is a regular Dirichlet form on L 2 (E, m) with killing measure k = 0, then (E res , F res ) and (E, F ) are two Dirichlet forms with the same structure of regular subspaces with respect to the resurrection in the meaning that, for any (E
, then k is also a Radon smooth measure with respect to (E ′ , F ′ ) by Lemma 2.11. It follows from (2.14) that
We have known that (E k , F k ) is regular with killing measure k and its resurrected Dirichlet form is just (E, F ). It suffices to prove that for any (E 
(2) We need only to change the order of the two steps in the first assertion.
Conclusions and examples.
From the above discussions, we could summarize that:
Theorem 2.14. Let (E, F ) be a regular Dirichlet form on L 2 (E, m) and T a transformation described above, i.e. T is one of the transformations including spatial homeomorphic transformation, time change with full quasi support, killing and resurrection. Define (Ẽ,F ) := T (E, F ), which is the transformed Dirichlet form of (E, F ) by T . Then (Ẽ,F) and (E, F ) have the same structure of regular subspaces with respect to the transformation T in the meaning that for any (
Conversely, it holds that (E, F ) = T −1 (Ẽ,F) and they also have the same structure of regular subspaces with respect to the inverse transformation T −1 in the similar sense.
In Corollary 2.2(3), we have proved that if the Dirichlet form (E, F ) is purekilling type, i.e. E(u, u) = (u, u) k for some Radon measure k, then it has no proper regular subspaces. In addition, for general Dirichlet forms, the killing part does not play a role in generating a proper regular subspaces because it follows from §2.2.3 that the resurrected Dirichlet form is equivalent to the original one up to the resurrection. In other words, adding or erasing the killing part of a Dirichlet form does not really change the structure of its regular subspaces. Hence it is not necessary to consider the killing part for the discussions about the regular subspaces of a Dirichlet form. We assume all the Dirichlet forms appeared in the sequel have no killing inside unless otherwise stated.
It is discussed in [6] that how to characterize the regular subspaces of onedimensional (reflecting) Brownian motion. By Theorem 2.1 every corresponding Markov process of its regular subspace must be a diffusion without killing inside. If the diffusion is irreducible, it can be characterized by a scale function s which is uniquely determined up to a linear transformation. The additional condition on s is that s ′ = 0 or 1 a.e. Using the above theorem we can give a simple characterization to the regular subspaces of one-dimensional diffusions.
Example 2.15. Let I ⊂ R be an interval and (E, F ) an irreducible strongly local Dirichlet form on L 2 (I, m) whose corresponding Markov process is an irreducible diffusion (X t ) t≥0 . Write I = a, b with two endpoints, −∞ ≤ a < b ≤ ∞, which may or may not be in I (X is reflecting or absorbing at the endpoints respectively). Clearly m is the speed measure of X (unique up to a constant) and let s be its scale function which is a strictly increasing and continuous function on I. Hence
Set J := s(I) ⊂ R, then s −1 : J → I is a homeomorphism mapping. Let (B t ) t≥0 be the Brownian motion on J which is reflecting or absorbing at the finite endpoint of J if X is absorbing or reflecting at the corresponding endpoint of I. Then (X t ) t≥0 is the time-changed Markov process of (s −1 (B t )) t≥0 by m, i.e. a homeomorphism transformation s −1 firstly and a time change by m next on (B t ) t≥0 . Applying Theorem 2.14, we know that the associated Dirichlet forms of the one-dimensional irreducible diffusion X on I and the corresponding Brownian motion B on J have the same structure of regular subspaces with respect to the transformation s Note that this is the main results of [7] .
More applications of Theorem 2.14 will be found in the following text, especially in dealing with the planar reflecting or absorbing Brownian motions in §3.3.
Regular subspaces of local Dirichlet forms
The authors proved in [6] that one-dimensional Brownian motion always possesses proper regular subspaces which are characterized by a special scale function. We shall study the similar problems for the symmetric diffusions on multidimensional space. Before that let's reviews the results of one-dimensional Brownian motion.
3.1. One-dimensional Brownian motion. It is known that (
is the corresponding Dirichlet form of one-dimensional Brownian motion (B t ) t≥0 where
An irreducible diffusion on R associated with a local Dirichlet form can be characterized by a scale function s, a speed measure m and a killing measure k where s is a strictly increasing and continuous function on R and m, k are Radon measures on R. We may and will assume k = 0 because of the notes after Theorem 2.14. may not be absolutely continuous, ds −1 is a smooth measure of (B t , P x ) because the only polar set of (B t ) is null set. Let (A t ) be the PCAF associated with ds and (τ t ) the inverse of (A t ). Then we have: (1) The Dirichlet form (F (s) , E (s) ) is strongly local and regular on L 2 (R) whose associated diffusion has the scale function s up to a linear transform, speed measure dx. Hence the generator of (F (s) , E (s) ) is
H 1 (R) if and only if |E s | > 0 where E s = {x ∈ R : s ′ (x) = 0} and |E s | means the Lebesgue measure of E s .
Note that when s −1 (x) = c(x) + x, where c(x) is the standard Cantor function, it holds that |E s | > 0. Moreover, if the Brownian motion lies only on an proper interval I of R, set I = a, b where two endpoints a, b may or may not be in I, accordingly the Brownian motion is reflecting or absorbing at the endpoints. Let S(I) be defined as the similar way as (3.2), replacing R by I and s(0) = 0 by s(a) = 0 if a > −∞. And the domain of E (s) should be restricted to a subspace of F (s) satisfying that the value at the absorbing endpoint of every function in this subspace is zero. The results about the regular subspaces of the reflecting or absorbing Brownian motion on I are similar as Theorem 3.1, see [6] .
We are going to give a brief explanation of S(R) (or S(I)). Let (E ′ , F ′ ) be a regular subspace of ( 1 2 D, H 1 (R)) whose associated Markov process is denoted by X. By Corollary 2.2, X is a diffusion on R and hence it can be characterized by a strictly increasing and continuous scale function s on R and a speed measure which is just the Lebesgue measure. Moreover it holds that
However E ′ is equal to
therefore we must assume that s
a.e., in other words, s ′ (x) = 0 or 1 a.e, to ensure that
This is the essential reason for the definition of S(R).
Multidimensional Brownian motions.
In this section, we will study the regular subspaces of multidimensional Brownian motions. We first introduce the independent coupling of Dirichlet forms. Let X be an m X -symmetric Markov process on a locally compact separable metric space E X whose corresponding Dirichlet form on
Note that m X and m Y are Radon measures on E X and E Y respectively. Our target is the Dirichlet form of the independent coupling process Z = (X, Y ) on
Before that we need to give some notes. Let (Ω, M, µ) be a measurable space and H a real Hilbert space with the inner product (·, ·) H and the norm · H . For any
is a Banach space with the norm ( Ω u(ω)
We have:
is a regular Dirichlet form on L 2 (E, m) whose corresponding Markov process is Z.
is a core of (E, F ).
be the transition functions of X, Y and Z respectively. For any
. The bilinearity and Markov property are trivial. We need only to prove that (E, F ) is closed. For any E 2 -Cauchy sequence {u n } ⊂ F and any n, m,
We shall now give some notations for convenience. The semigroups, resolvents and generators of X, Y, Z are denoted by (T
Z ) respectively. We have proved that (E, F ) is a Dirichlet form, whose semigroup, resolvent and generator are denoted by T t , G α and A. As C ⊂ F is dense in C c (E) by Stone-Weierstrass theorem, its closure C E1 ⊂ F is a regular Dirichlet space. The semigroup, resolvent and generator of (C E1 , E) are denoted by
In addition, one can easily check that F X ⊗ F Y ⊂ F C . We are now going to prove that for any α > 0, G α = G Z α = G C α which implies that (E, F ) is the associated Dirichlet form of Z with the core C. In particular, (E, F ) is regular.
Firstly we claim that
It is similar to see that f ⊗ g ∈ F and
Hence (3.9) is proved.
On the other hand,
As A C is a closed linear operator and
which is dense in L 2 (E, m). As they are bounded operators on L 2 (E, m), it also holds
This proposition can be easily extended to the higher dimensional independent coupling of Markov processes. Let X i be an m i -symmetric Markov process on E i whose associated Dirichlet form is (E i , F i ) where 1 ≤ i ≤ d and d is an arbitrary natural number. For any 1 ≤ i ≤ d, set
and for any x = ( 
be the independent coupling process of
Then X is m-symmetric on E and its associated Dirichlet form is
Since the d-dimensional Brownian motion is an independent coupling process of one-dimensional Brownian motions, we could conclude some assertions about the regular subspaces of d-mensional Brownian motions. It is well known that ( 
The proof is obvious by Theorem 3.1 and Corollary 3.3. Note that |E si | > 0 means s i is not the scale function of one-dimensional Brownian motion. Usually the R-subprocess of d-dimensional Brownian motion is not an independent coupling, but the following corollary is not difficult to prove. So we omit its proof. 
, where I i is an interval of R. It is because that on these rectangles the Brownian motions are independent couplings of one dimensional absorbing or reflecting Browinan motions. However on other usual domains the independent coupling method is invalid.
When d = 2, it is known that planar Brownian motion is conformal invariant. In fact the absorbing (or reflecting) Brownian motions on some domains are also conformal invariant. Let ϕ be a conformal mapping from domain U ⊂ R 2 to domain V ⊂ R 2 and B U the absorbing Brownian motion on U . Then up to a time change, ϕ(B U ) is an absorbing Brownian motion on V
4
. In addition, by the Riemann mapping theorem, for any non-trivial simply connected open subsets U, V of R 2 , there exists a biholomorphic (bijective and holomorphic) mapping f from U to V . Obviously f is homeomorphic and conformal mapping. Thus by Proposition 2.5 and 2.9 we have Proposition 3.6. Let U, V be two arbitrary non-trivial (non-empty and not R 2 ) simply connected domains of R 2 , then the associated Dirichlet forms of absorbing Brownian motions on U and V are with the same structure of regular subspaces with respect to the corresponding conformal transformation f and time change. In other words, their regular subspaces also have a similar correspondence with respect to these transformations.
In particular, it is known that the absorbing Brownian motion on the upper half plane is the independent coupling process of a one-dimensional Brownian motion on R and a Brownian motion on (0, ∞) which is absorbing at 0. By Theorem 3.1, Proposition 3.2 and 3.6, we have Corollary 3.7. For any non-trivial simply connected domain U of R 2 , the associated Dirichlet form of absorbing Brownian motion on U always has proper regular subspaces.
The results about reflecting Brownian motion are similar, but the domains should be the Jordan domains in the meaning that they are simply connected and their boundaries are non-self-intersecting continuous loops in the plane. When U, V are Jordan domains the biholomorphic mapping f : U → V can be extended to a topological homeomorphism fromŪ toV . If BŪ is the reflecting Brownian motion onŪ , then up to a time change, f (BŪ ) is a reflecting Brownian motion onV 5 . Hence we have Proposition 3.8. If U, V are two Jordan domains of R 2 , then the associated Dirichlet forms of reflecting Brownian motions onŪ andV are with the same structure of regular subspaces with respect to the corresponding biholomorphic mapping and time change. In particular, the associated Dirichlet form of any reflecting Brownian motion on a Jordan domain always has proper regular subspaces.
In the next section, we will prove that the existence of the proper regular subspaces of absorbing or reflecting Brownian motions will be held not only for these two dimensional cases but for that on arbitrary domains of R d .
Absorbing and reflecting Brownian motions on arbitrary domains.
Let Γ be an arbitrary domain of R d . Set 11) and denote the closure of
It is well known that ( with a core C, it holds that (E, C) is closable on L 2 (Γ) and its closure (E, F C ) is a proper regular subspace of (E, F ). In particular, (E, F ) always possesses proper regular subspaces.
Proof. We need only to prove C ⊂ F . In fact, if we have proved C ⊂ F , then clearly (E, C) is closable and its closure (E, F C ) is a regular Dirichlet form with F C ⊂ F . If (E, F C ) is not a proper subspace, in other words, F C = F , then for any u ∈ C ∞ c (Γ) there exists {u n } ⊂ C such that u n → u in the norm || · || E1 . It follows (3.17) that u n → u also in H 1 (Γ), hence C ∞ c (Γ) ⊂ G which contradits that ( It is easy to check that there exists another compact setK ⊃ K andK ⊂ Γ such that supp[u n ] ⊂K, and hence u n ∈ C ∞ c (Γ), for enough large n. As (a ij ) is locally bounded, there exists a constant M > 0 such that |a ij (x)| < M for any 1 ≤ i, j ≤ d and x ∈K. On the other hand, u n → u in H 1 (Γ). Hence we have:
as n → ∞. It follows that u ∈ F which complete the proof.
